We study brane-world models with variable brane tension and compute corrections to the horizon of a black string along the extra dimension. The four-dimensional geometry of the black string on the brane is obtained by means of the minimal geometric deformation approach, and the bulk corrections are then encoded in additional terms involving the covariant derivatives of the variable brane tension. Our investigation shows that the variable brane tension strongly affects the shape and evolution of the black string horizon along the extra dimension, at least in a near-brane expansion. In particular, we apply our general analysis to a model motivated by the Eötvös branes, where the variable brane tension is related to the Friedmann-Robertson-Walker brane-world cosmology. We show that for some stages in the evolution of the universe, the black string warped horizon collapses to a point and the black string has correspondingly finite extent along the extra dimension. Furthermore, we show that in the minimal geometric deformation of a black hole on the variable tension brane, the black string has a throat along the extra dimension, whose area tends to zero as time goes to infinity.
I. INTRODUCTION
Brane-world (BW) models [1] represent a distinct branch of contemporary high-energy physics, inspired and supported by string theory. Indeed, these models are a straightforward five-dimensional phenomenological realization of the Hořava-Witten supergravity solutions [2] , when the hidden brane is moved to infinity, and the moduli effects from the further compact extra dimensions may be neglected (for a review, see e.g. Refs. [3] ). Beside several precursory papers about the BW universe [4] , there is nowadays a great variety of alternative models which have been developed in order to address specific aspects. For example, some studies focus on developing the dimensional reduction stemming from a strongly curved extra-dimension, others provide a realization of the AdS/CFT correspondence to lowest order, and further incorporate the self-gravity of the brane, namely the brane tension σ.
Among all BW models, those containing a brane endowed with variable tension, that is σ = σ(x µ ), where x µ are coordinates on our four-dimensional brane, are a noteworthy attempt to ascertain signatures coming from high-energy physics beyond the Standard Model [5] . In fact, since the temperature has changed dramatically along the cosmological evolution, a variable tension BW scenario is indeed a natural candidate to describe our physical universe. The fully covariant dynamics of variable tension branes was established in Ref. [6] , and further explored in Ref. [7] .
Moreover, a variable tension was also implemented in BW model consisting of two branes [8] , and the cosmological evolution was investigated in a particular model in which the brane tension has an exponential dependence on the scale factor [9] .
In this work, we consider black strings in BW models with variable brane tension, whose fourdimensional geometry is determined according to the principle of minimal geometric deformation (MGD) [10] . In particular, we shall focus on the shape and evolution of the black string timedependent horizon, and show that, in this setup, the black string warped horizon is drastically affected by the variable tension, since additional bulk terms are induced by the variable brane tension. For this purpose, we shall employ a Taylor expansion in the extra dimension about a black hole metric on the brane, in such a away that the corrections to the area of the five-dimensional black string horizon are singled out. A complete numerical analysis will then be displayed for a model physically motivated by Eötvös law.
Approximative methods involving expansions of the metric have been extensively used in order to investigate black strings in the BW. For instance, previous constructions of black holes and black strings in vacuum plane wave space-times employed the so called method of matched asymptotic expansions [11] . Another construction was given in Ref. [12] , based on a derivative expansion method along the direction of the black string, which provided a solution up to second order in derivatives and which showed, in particular, that the black string must shrink to zero size at the horizon of some black brane. In Ref. [12] , the usual black string metric thus appears as the leading order solution in a given expansion that contains corrections to the black string metric order by order in derivatives. Other approximative methods, including Taylor and Fourier metric expansions, have been employed to provide black string profiles [13, 14] . Such expansions in the context of general relativity (GR) and black strings are thus commonly used, as, schematically, the degrees of freedom of GR are split into long and short wavelength components. Also, approximations usually concern the far-zone and near-zone metric for the black string, the two regimes being defined where the radial coordinate is respectively much larger or much smaller than twice the black hole mass [15] .
Regarding the time evolution of black strings, some seminal results showed that their warped horizon cannot pinch in a finite horizon time [16, 17] . This means that a black hole cannot be the end-state of their Hawking decay and, instead, the existence of a stable string phase should serve as an end-state. The argument that shows the pinching takes an infinite time is based on assuming the increasing area theorem for an event horizon and applying it to an area element at the throat, namely, the inward collapsing region of the event horizon. In addition, numerical analyses also support the conclusion that the warped horizon cannot pinch in finite time [17] .
Our approach here is much more general, in that it provides the bulk metric near the brane, using Gaussian normal coordinates in order to extend into the bulk a BW black hole metric obtained from the MGD of the Schwarzschild metric. Computing the bulk metric when the radial coordinate equals the horizon radius of the brane black hole, will thus provide a description of the black string warped horizon, just as a particular case. Let us stress that the bulk shape of the horizon has only been investigated in very particular cases [3, 18] , and, recently, the Schwarzschild black string was studied in this context, e.g. for a brane with variable tension [19] . Some realistic generalizations regarding a post-Newtonian parameter on the Casadio-Fabbri-Mazzacurati black string [20, 21] , and the black string in a Friedmann-Robertson-Walker BW [22] also represent interesting applications.
In the next Section, we shall recall the general expansion of the bulk metric elements in the Gaussian normal coordinate perpendicular to the brane and, in Section III, we shall review the MGD approach to generate BW solutions starting from GR solutions. In Section IV, we shall then apply the latter method in order to obtain all the terms that determine the expansion of the bulk metric up to forth order, starting from the Schwarzschild metric on a brane with variable tension.
We shall finally consider the particular case of Eötvös fluid branes endowed with a tension derived from a de Sitter-like cosmological scale factor, and investigate the role that the variable brane tension plays in this context. The black string warped horizon along the extra dimension will be analysed, and we shall show that our construction based on the MGD induces a throat on the black string, and prevents the black string warped horizon to pinch in finite horizon time.
II. BULK METRIC IN GAUSSIAN COORDINATES
In this Section, the general formalism of Ref. [3] is briefly introduced and reviewed. Hereon, {θ µ }, with µ = 0, 1, 2, 3 [and {θ A }, with A = 0, 1, 2, 3, 5] denotes a basis for the cotangent space T * x M at a point x on a 3-brane M, embedded in the five-dimensional bulk. Furthermore, {e A } is its dual basis and θ A = dx A , when a coordinate chart is chosen. Let n = n A θ A be a timelike covector orthogonal to T * x M and y the associated Gaussian coordinate, which parameterizes geodesics starting from the brane and moving into the bulk. In particular, n A dx A = dy on the hypersurface defined by y = 0. The five-dimensional coordinate vector field u = x A e A thus splits into components parallel and orthogonal to the brane, and can be written as u = x µ e µ + y e 5 or u A = (x µ , y). The brane metric g µν and the corresponding components of the bulk metricǧ µν are in general related byǧ µν = g µν + n µ n ν [3] . Since with our choice of n we have g 55 = 1 and g µ5 = 0, the five-dimensional bulk metricǧ AB dx A dx B = g µν (x α , y) dx µ dx ν + dy 2 , and one can effectively use A, B = 0, 1, 2, 3.
There is a well known relation between the effective four-dimensional cosmological constant Λ 4 on the brane, the bulk cosmological constant Λ 5 , and the brane tension σ, given by the fine-tuning relations [3] 
where κ 5 (κ 4 ) denotes the five-dimensional (four-dimensional) gravitational coupling. The extrinsic curvature of the brane at y = 0 is given by K µν = 1 2 ∂ ∂y g µν in Gaussian normal coordinates, and the junction conditions thus imply that
The symmetric and trace-free components of the bulk Weyl tensor C µνσρ are respectively given by
The effective four-dimensional field equations are complemented by a set of equations obtained from the five-dimensional Einstein and Bianchi equations in Refs. [3, 23, 24] for constant σ, and in Ref. [6] for a brane with variable tension, all approaches being completely consistent. In particular, the bulk metric near the brane can be expressed as the Taylor expansion in the Gaussian coordinate y as
By denoting g µν ≡ g
µν (x α ), and R µνσρ ≡ R µνσρ (x µ , 0) the components of the bulk Riemann tensor (R µν and R are obviously the associated Ricci tensor and scalar curvature) likewise computed on the brane, one then finds the above expansion up to order p = 4 is given by
where B ≡ B µ µ and B 2 ≡ B αβ B αβ , for any rank-2 tensor B. This expansion was analysed in
Refs. [3, 18] only up to the second order, but this is not sufficient to determine the additional terms arising from the brane variable tension. Alternative approaches do not take into account the
The additional terms coming from the variable brane tension shall indeed be shown to play an essential role for the subsequent analysis of the black string behaviour along the extra dimension.
In particular, terms in the expansion (4) involving derivatives of the variable brane tension at order |y| 3 are given by [19] 
and, at order y 4 , by
In the following, we shall just consider a time-dependent brane tension σ = σ(t), as we shall not be concerned with anisotropic branes.
III. MINIMAL GEOMETRIC DEFORMATION
Solving the four-dimensional effective Einstein equations is not a straightforward task and, already in the simple case of a spherically symmetric metric we shall consider here
only a few "vacuum" solutions are known analytically [21, [26] [27] [28] [29] . When stellar systems are studied, the search for solutions becomes even more difficult, mainly due to the presence of nonlinear terms in matter fields that arise from high-energy corrections [3, 23] . Nonetheless, two exact analytical solutions were found [30] by means of the MGD [10] . This approach has allowed in particular to generate physically acceptable interior solutions for stellar systems [31] , to solve the tidally charged exterior solution found in Ref. [29] in terms of the ADM mass, and to study (micro) black hole solutions [32, 33] , as well as to elucidate the role of exterior Weyl stresses from bulk gravitons on compact stellar distributions [34] .
Let us start by reviewing the bases of the MGD approach, i.e. the deformation undergone by the radial metric component of the interior space-time associated with a self-gravitating stellar system of radius R. This radial metric component is deformed by bulk effects in such a way that, when we demand to recover GR at low energies (σ −1 → 0), it must be written as
where
contains the usual GR mass function m(r) for r < R, and M 0 for r > R, whereas the function H(p, ρ, ν) encodes anisotropic effects due to bulk gravity on the pressure p, matter density ρ and the metric function ν. The function β = β(σ) in Eq. (8) depends on the brane tension σ and on the mass M 0 of the self-gravitating system, and must be zero in the GR limit. For interior solutions, the condition β(σ) = 0 must be imposed to avoid singular solutions at the center r = 0. However, for a vacuum solution, or more properly, in the region r > R where there is a Weyl fluid filling the space-time surrounding the spherically symmetric stellar distribution, the function β is not necessarily zero, and there must be a geometric deformation associated with the Schwarzschild solution.
When a spherically symmetric GR vacuum solution is considered, the quantity H = 0 and the geometric deformation f in vacuum (p = ρ = 0), hereafter denoted f = g * (r), will be consequently minimal and given by g * (r) = β e −I .
The radial metric component in Eq. (8) then becomes
We then consider the general matching conditions between the generic interior MGD metric
characterizing the star interior r < R, where f * (r) is given by Eq. (8) with H = 0, and the most general exterior solution containing a Weyl fluid with U + , P + , and p = ρ = 0 for r > R, which, according to the expression in Eq. (11), can be written as
where the mass M in Eq. (14) is in general a function of the brane tension σ. Continuity of the first fundamental form at the star surface Σ of radius r = R when the metrics in Eq. (13) and (14) are considered, leads to
where f ± R ≡ f (r → R ± ) for any function. Continuity of the second fundamental form on Σ likewise gives [43] [
where r µ is a unit radial vector and
. Using Eq. (17) and Einstein field equations, one finds T T µν r ν Σ = 0, which in our case reads
Since we assume the distribution is only surrounded by a Weyl fluid described by the functions U + and P + , p = ρ = 0 for r > R, and this matching condition takes the final form
with p R ≡ p − R and ρ R ≡ ρ − R . The limit σ −1 → 0 in the second fundamental form in Eq. (19) leads to the well-known GR matching condition p R = 0 at the star surface. The expressions given by Eqs. (15), (16) and (19) are the necessary and sufficient conditions for the matching of the interior MGD metric to a spherically symmetric "vacuum" filled by a BW Weyl fluid [35, 36] .
IV. BLACK STRINGS AND VARIABLE TENSION BRANE
In this Section, we proceed to apply the above formalism to the case of a black string. We shall first derive the brane geometry from the MGD approach applied to the standard Schwarzschild metric, in order to obtain the relevant projections of the bulk Weyl tensor that enter the bulk metric (4). Subsequently, we shall study the particular case of a phenomenological Eötvös brane, with a variable tension that depends on the time exponentially.
A. Brane geometry of a black string Let us now find the explicit MGD function g * (r) produced by the Schwarzschild solution
where we recall M is a function of the brane tension σ. Using Eq. (20) in Eq. (10), we obtain
and the deformed exterior metric components read
which match the vacuum solution found in Ref. [41] in the particular case when β(σ) = − 
The function β = β(σ) must now be specified by considering the deformed Schwarzschild solution (22) and (23) in the matching conditions (15) , (16) and (19) . The first fundamental form leads to the expressions given by Eqs. (15) and (16), where Eqs. (15) becomes
whereas the second fundamental form in Eq. (19) gives
Note that if M were the GR mass M 0 of Eq. (20)), one would have g * R = f * R , which represents an unphysical condition, according to the expression in Eq. (26)). Eqs. (16), (25) and (26) are the necessary and sufficient conditions for matching the two minimally deformed metrics given in Eq. (13) and in Eqs. (22) and (23) . The matching condition (26) shows that the exterior geometric deformation g * (r) at the star surface, i.e. g * R , is always negative. Therefore, the deformed horizon radius r h = 2 M will always be smaller than the Schwarzschild radius r H = 2 M 0 , as can clearly be seen from Eq. (16) . This general result clearly shows that five-dimensional effects weaken the strength of the gravitational field produced by the self-gravitating stellar system.
Finally, when the explicit geometric deformation (21) is considered in the matching condition (26), the function β = β(σ) becomes
showing thus that β is always positive and (interior) model-dependent. For instance, we can find β(σ) by considering the exact interior BW solution found in Ref. [30] , where the geometric deformation is given by
with C a constant given by
≡ α, and the functions (τ (r))
and ν = 8Cr 1+Cr 2 . Now, by using the explicit form of f (R) we get
or
Note that we are using M 0 and not M , because M = M 0 + O(σ −1 ), so that the exact β = β(σ)
will be given by the expression above plus terms of order σ −2 . Now, as the area of the five-dimensional horizon is determined by g θθ (x α , y), we need to find E θθ determined by the deformation f = g * (r) shown in Eq. (21) . Upon using Eq. (7), we readily find
This is the component of the projection of the Weyl tensor on the brane which we need in order to determine the horizon area in the bulk, where the function β = β(σ) can be specified once we choose a specific interior BW solution to evaluate the expression in Eq. (27) and a model of the brane tension.
As the main object of interest to us here is the black string horizon along the extra dimension, we shall focus on the term g θθ which yields the area of the horizon, and evaluate the corresponding expansion (4). Clearly, a time-dependent brane tension will modify the black string Schwarzschild background. Since the complete solution is extremely difficult to compute, we shall take a more effective approach, and study how the horizon area changes with the brane tension in the Taylor expansion (4). As we shall show, even in this approximate description, very interesting results can be obtained.
Upon inserting the relevant expressions (22), (23) and (31) derived from the MGD of the Schwarzschild metric, the Taylor expansion of the term g θθ (x α , y) = g θθ (r, y) in Eq. (4) reads
where the time dependence enters via σ = σ(t). In particular, the extra terms of order |y| 3 in Eq. (5) can be reduced to
where, from now on, σ ≡ dσ/dt and so on. Furthermore, at order y 4 we have the terms in Eq. (6) are given by
All the expressions obtained are so far the most general. In order to better understand the physical implications of a variable tension on the event horizon along the extra dimension, let us apply our analysis to a specific physically motivated case.
A variable tension on the brane can be established in general by two approaches. On the one hand, one can consider the brane tension as a scalar field in the Lagrangian, as is widely assumed in the context of string theory and supersymmetric branes [37, 38] . Otherwise, as we shall do in the analysis hereupon, the brane tension can be understood as an intrinsic property of the brane [6] [7] [8] [9] .
In the BW scenario, the functional form of the variable brane tension is an open issue. However, taking into account the huge variation of the universe temperature during its cosmological evolution, it is indeed plausible to implement the brane tension as a function of the cosmological time. Although it lacks a complete scenario, the phenomenologically interesting case of Eötvös fluid membranes [39] can be useful to extract physical results. In this context, the cosmological evolution of a perfect fluid imposes cosmological symmetries, and the brane tension σ, along with the constants κ 4 and Λ 4 , become scale-factor (or cosmological time) dependent. The phenomenological Eötvös law asserts that the fluid membrane tension depends on the temperature as
where χ is a constant and T c represents a critical temperature equal to the highest temperature for which the membrane exists. By imposing the continuity equation, in such a way that the temperature dependence of the brane tension is balanced by the energy exchange between the brane and the bulk, it implies that the brane is formed in a very hot early universe when σ 0, and initially κ 4 and σ as well are small, strengthening BW effects. If there are no stresses in the bulk, and without taking into account the cosmological constant, the bulk is isolated from the brane, with no exchange of energy-momentum [3] . Thus the thermodynamical expression dQ = dE+p dV = 0 holds for the brane. Furthermore, for photons of the CMB in a volume V , we can use E = E γ = σ T 4 V and p = [7, 19] . By considering the similarity with Eötvös membranes, one then infers that σ = σ 0 1 − a 0 a , where σ 0 is a scalar associated to the four-dimensional coupling constants [7] , and a 0 is the minimum scale factor such that the brane does not exist (meaning that for smaller a, the brane tension would be negative).
In any case, in what follows, it suffices to consider
We can also note that a similar behaviour is obtained from SUSY in inflationary cosmology. In
which means that the cosmological constant takes negative values before it becomes positive, as the universe expands.
To be more specific, a de Sitter brane profile is taken into account by setting a(t) ∝ e γ t , with positive γ [40] , so that
The phenomenological viability of this model was analysed in Ref. [19] . Further, we shall set The first result we present is the plot of the area of slices of constant y of the black string horizon r H = 2 M for different constant values of the brane tension σ (see Fig. 1 ). It is worth noticing that when the brane tension reaches the value σ ≈ 0.92, the black string warped horizon changes profile: for σ 0.92 the horizon area is always positive, whereas for σ 0.92, there is always a point of coordinate y c along the extra dimension where the horizon meets the axis of axial symmetry g θθ (r = r H , y c ) = 0. For instance, when σ = 0.05, one finds y c 0.51 in Fig. 1 .
Next, in Fig. 2 one can see how the black string warped horizon varies along the extra dimension as a function of β(σ) = C 0 /σ from the MGD described in Section IV A. As the brane tension σ is assumed heretofore constant, we have rescaled the parameter C 0 accordingly. Of course, there is no time dependence in the cases shown in Figs. 1 and 2 . The plot in Fig. 3 instead displays the black string warped horizon given by the bulk metric (32) on the horizon r = 2 M , with the additional terms (33) and (34) due to the variable brane tension given by the expression (38) . One can also see from Fig. 4 that, for values γ t 0.52, the horizon area increases monotonically along the extra dimension. For γ t 0.52 there exists a point y c along the extra dimension beyond which the black string ceases to exist. We shall further discuss this point below.
In Fig. 5 , the variable brane tension is considered for γ t = 0.25. The coordinate y along the extra dimension beyond which the black string ceases to exist is y c 2.1. Note that for y > y c , the metric element g θθ (t, r = 2M, y > y c ) < 0, and such negative values are also displayed for clarity but have no physical meaning. Moreover, the four-dimensional Kretschmann scalar R µνρσ R µνρσ diverges for r = 0. This can be seen from the Gauss equation which relates the four-and fivedimensional Riemann curvature tensors according to (5) 
Now, Eq. (2) in this specific case reads K µν = − The plots in Fig. 6 display the black string warped horizon for increasing values of the time variable. As the time passes, the horizon pinches at a critical point along the extra dimension. In the context of the MGD of a black hole on the variable tension brane, the black string presents a throat along the extra dimension, with area that tends to zero as time runs to infinity. As it is going to be discussed in the next Section, our results completely support the ones obtained in Ref. [16, 17] , in the context of the MGD. The area theorem prevents indeed the throat from shrinking to zero size in finite horizon time.
V. CONCLUDING REMARKS
It is well-known that BW models lead to cosmological evolutions whose background dynamics is completely understood, and can further reproduce general relativistic results with suitable restrictions on the BW parameters. In this paper, we focused our attention on branes whose variable tension only depends on the time, and obtained the Taylor expansion of the metric in the Gaussian coordinate along the extra dimension. This Taylor expansion makes it possible to write the bulk metric in terms of the brane metric,
and in a form that shows a time-dependence already in terms of the second order. It is however only including terms of (at least) third order that one can display the effects of a variable tension on the shape of the horizon in the bulk, since it is only from such terms that the covariant derivatives of the variable tension appear in the metric expansion along the extra dimension, and lead to sizeable corrections. Furthermore, as in some cosmological epochs the value of the tension could have been very small, and can thus be largely modified, it is very important to consider such terms, which contribute to a realistic description of black strings. The additional terms in the expansion we investigated indeed alter the black string warped horizon, when the brane tension varies in a BW model based upon the Eötvös law.
We also showed that the MGD of a Schwarzschild black hole on the variable tension brane corresponds to a black string with a throat along the extra dimension, whose area tends to zero as time runs to infinity.
One could finally note that Eq. (37) implies that, for small values of the scale factor, the effective four-dimensional cosmological constant Λ 4 < 0, and it contributes like an attracting cosmic component. As the scale factor increases, one reaches Λ 4 > 0, which generates a dark energy-type repulsion. In addition, BW models with varying brane tension might allow for energy exchange and other types of evolution that concretely lead to interesting new physics, supporting and generalizing some results in the literature, as those in Ref. [44] [45] [46] for instance. In particular, BW models can replace dark matter with geometric effects, and we plan to investigate BW stars and the gravitational collapse on the brane [18, 30, 31, 35, 47, 48] by means of generalizations of spherically symmetric BW solutions to the case with variable brane tension. 
